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ABSTRACT

Gene gain-loss-duplication models are commonly based on continuous-time birth-death processes.
Employed in a phylogenetic context, such models have been increasingly popular in studies of gene
content evolution across multiple genomes. While the applications are becoming more varied and
demanding, bioinformatics methods for probabilistic inference on copy numbers (or integer-valued
evolutionary characters, in general) are scarce.

We describe a flexible probabilistic framework for phylogenetic gain-loss-duplication models. The
framework is based on a novel elementary representation by dependent random variables with
well-characterized conditional distributions: binomial, Pélya (negative binomial), and Poisson.

The corresponding graphical model yields exact numerical procedures for computing the likelihood
and the posterior distribution of ancestral copy numbers. The resulting algorithms take quadratic time
in the total number of copies. In addition, we show how the likelihood gradient can be computed by

a linear-time algorithm.

© 2022 Published by Elsevier Inc.

1. Introduction

Homology between two genes is the equivalence relation of
descent from the same ancestral gene (Fitch, 2000), defining
the corresponding equivalence classes of gene families. During
genome annotation, homologies are routinely recognized by se-
quence similarity, and annotated genes are assigned to fami-
lies (Aziz et al., 2008). The copy number for a family is the
number of family representatives in the genome, a non-negative
integer. The profile of a family comprises the copy numbers across
different genomes. Family profiles are used in evolutionary ge-
nomics to infer ancestral gene content (Cstirds and Miklos, 2009),
and in functional genomics to recognize associations between
families (Dey and Meyer, 2015).

Probabilistic approaches to copy number evolution are based
on continuous-time birth-death processes (Novozhilov et al.,
2006; Nye, 2009). Such processes are also fundamental in queu-
ing theory (Takacs, 1962), epidemiology and population growth
models (Kendall, 1949). In the context of genome evolution, the
process captures fixation events eliminating a gene (“death”) by
segmental loss and pseudogenization, or adding a gene (“birth”)
to the genome, either by duplication within the same genome,
or by lateral transfer from another genome. Birth-death events
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are used also to model speciation-extinction in phylogenies (Nee
et al., 1994; Stadler, 2009) and infection-recovery rates in epi-
demics (Tanaka et al., 2006). The evolution of various integer-
valued traits can be modeled by birth-death processes with
additional events: polyploidization for chromosome number evo-
lution (Mayrose et al., 2010), locus shifting for transposons (Rosen-
berg et al,, 2003; Xu et al,, 2015), or point mutations for mi-
crosatellite repeats (Kruglyak et al., 1998).

This work focuses on branching linear birth-death processes.
In particular, we assume the classic birth, death, and immigra-
tion (BDI) process (Karlin and McGregor, 1958; Tavaré, 1989),
where “immigration” and “birth” for a multigene family are lat-
eral transfer and duplication events, respectively. The phylogeny
encodes the branching pattern of the process: child lineages
evolve independently by BDI processes from the same set of
ancestor copies. The algorithmics of phylogenetic birth-death
models is difficult mainly because of the intricate transition prob-
abilities in birth-death processes without known closed expres-
sions. Non-linear birth-death models can be analyzed for their
asymptotic behavior (Karev et al,, 2004). The transient proba-
bilities can be approximated (Crawford et al., 2014) when the
process is sampled at discrete time intervals. But even the sim-
plest non-linear model, the M/M/1 queue (constant birth and
death rates Iwasaki and Takagi, 2007) lacks a closed-form solu-
tion (Leguesdron et al., 1993).
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Bioinformatics problems for copy numbers differ fundamen-
tally from molecular sequence evolution problems with a finite
character set, and porting standard methods to an unbounded
character domain is generally not possible. A simple, but un-
satisfactory fix is to impose a limit on maximum copy number,
and usual techniques like Felsenstein’s peeling method (Felsen-
stein, 1973) apply. Indeed, pioneer applications of birth-death
processes for gene content evolution by Hahn et al. (2005) and
by Iwasaki and Takagi (2007) employ the same workaround.
Setting a maximum is useful for non-linear birth-death models,
as transition probabilities can be computed by (finite)
exponentiation from an arbitrary rate matrix (Iwasaki and Tak-
agi, 2007; Spencer et al., 2006; Ames et al., 2012; Fukunaga
and Iwasaki, 2021). The first algorithm for computing the pro-
file likelihood for unbounded copy numbers with a gain-loss-
duplication model (Cstirés and Miklés, 2006) is based on an
inclusion-exclusion formula. A numerically more stable algorithm
was developed subsequently (Cstirés and Miklés, 2009), and the
corresponding methods are implemented in the software package
Count (Cstirds, 2010), which has been used in hundreds of studies.

We introduce a fresh mathematical framework for linear gain-
loss-duplication (and gain-loss without duplication, or
duplication-loss without gain) models on a phylogeny. The novel
formulation is based on Theorem 2 giving the transition proba-
bilities in a closed form that involves only basic discrete distribu-
tions. The theorem suggests a fundamental dependency network
of random variables along the phylogeny, representing ancestral
copy numbers and inheritance (survival) in child lineages. The
elementary decomposition yields relatively simple algorithms
to compute the likelihood of a family profile (Theorem 5). The
network factorization also leads to an algorithm for posterior
probabilities of ancestral copy numbers (Theorem 7 and Corol-
lary 8), and to our main result, a hitherto elusive algorithm for
computing the gradient of the log-likelihood with respect to
model parameters (Corollary 11 and Theorem 12). The gradient
and likelihood calculations take quadratic time in the total num-
ber of observed copies (Theorem 15), making them pragmatic
even for large phylogenies.

2. Theory

A phylogeny is a rooted binary tree with nodes numbered
u € [R] = {1,2,...,R}. Every node either has two non-null
child nodes, or is a terminal node (a leaf) with two null children.
For ease of notation, we assume that the nodes are indexed
respecting postfix order, with every child’s index being less than
the parent’s, so that the last one is the root. The tree is identified
by its root R and its edges T C [R] x [R] directed from parent
to child. The edges in the subtree rooted at a node u are denoted
by T, including Tz = T. The set of leaves is denoted by £, and the
leaf set for T, by £,; in particular, £z = £. For simplicity, start
the indices with the leaves respecting the postfix order, so that
L = [L] and every subset £, comprises consecutive integers.

Consider the problem of copy number evolution: each node u
has an associated random variable &,, called the copy number,
taking non-negative integer values, and the joint distribution is
determined by dependencies along the phylogeny:

Plée=me) [] P& =n,

uveTl

]P{%'l =nq,..

‘;‘L,:nu].

transition on edge uv

-aSR=nt}

(1)

The leaf variables are observable, corresponding to extant species,
forming the profile = {&,}ver. Non-leaf nodes are (hypo-
thetical) ancestors with unobserved copy numbers. The ances-

tral inference problem is that of estimating {&,},¢, for ancestral
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Fig. 1. Example of copy number evolution on an edge uv. Parental copies 1
and 3 survive in the child, with ¢; = 2 and ¢3 = 1 inparalogs resulting from the
histories of duplications and losses. In contrast, parental gene 2 is lost (¢, = 0),
so the number of surviving copies is 7, = 2. A copy is gained from an external
source (diamond) and subsequently duplicates to result in x = 2 xenolog copies.

nodes, knowing the distribution of Eq. (1) and Z. Suppose that
we observe the leaf variables across sample profiles called fam-
ilies f = 1, ..., F, with independent and identically distributed
(iid) copy number vectors (§1,1, ..., &1r), .., (ér.1, - .., &r.r). The
model inference problem is that of deducing the distribution of (1)
from an iid sample (24, ..., ZF).

2.1. Copy number evolution with gain, loss and duplication

For every family, the copies evolve independently on each
edge uv via gene duplications and losses, as well as
non-duplication gains (e.g. lateral transfer from another species).
In particular, the child’s copy number &, for n &, parental
copies is the sum of the random variables x and ¢y, .. ., ¢,, where
every ¢; is the number of inparalog child copies of the same parent
gene i, and x is the number of xenolog copies without an ancestor
at the parent:

u
Ev =X+ Z§1
i=1

See Fig. 1 for an illustration. Our terminology for xenologs and
inparalogs follows classic definitions of different homology types
(Fitch, 2000; Sonnhammer and Koonin, 2002). Outparalogs, as
opposed to inparalogs, are child copies that descend from differ-
ent parent copies. Inparalogs are indistinguishable in the model,
and therefore orthology between gene copies at different nodes
is not considered here. Xenolog histories involve an interspecies
transfer of genetic material, modeled by imagining a virtual, ex-
ternal gene that produces copies within the genome. In the copy
number evolution model, the source of the gain is immaterial, so
innovation or de novo gene birth also creates xenologs.

We assume a linear model in Eq (2), where x and all ¢; are
independent, and the inparalogs ¢; are identically distributed. If
¢i = 0 for some i, the parental copy i is lost, otherwise it survives
in v. A continuous-time model is obtained by imposing a birth-
death process &£(t) on every edge uv € T during some time t,,, > 0
(the edge length), so that &, = £(0) and &, = £(t,,). In the linear
setting of Eq. (2),

(2)

§u
E(0) = x()+ ) alo),
i=1

with x(t) counting the xenolog copies, and ¢;(t) counting inpar-
alogs descending from the same parent gene i. The xenolog and
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inparalog processes create a set of Galton-Watson trees over the
copies with time-annotated nodes (Tavaré, 1989). Loss events
create terminal nodes and duplication events create bifurcations
(see Fig. 1). Our interest lies not in inferring the genealogies
(i.e., in reconciling the gene histories with the species phylogeny),
but rather in designing a model for the copy numbers without
explaining where each copy originates.

The inparalog process is characterized by the constant instan-
taneous rates for loss u > 0 (per copy) and duplication A > 0
(per copy). The xenolog process has the same per-copy rates, but
also includes birth by gain with some rate xA > 0. Accordingly,
for the total copy number &(t), n — (n — 1) death events arrive
with a rate of un, and n — (n+ 1) birth events arrive with a rate
of A(n+ «). In particular, for P,(t) = P{&(t) = n}, the Kolmogorov
backward equations are

Py(t) = wP;(t) — Ak Po(t)
and for 0 < n,
P(t) = A(n— 14k )Po_q(t)+ p(n—+1)Poy1(t) — (A(n+x )4 an)Py(t)

with Pj(t) = 20,
The no-duplication model is the limit for kA — ypn while the
duplication rate A — 0:

Py(t) = P;(t) — py Po(t)
and, for0 < n

Py(t) = pyPaa(t) + pu(n + 1)Pria(t) — u(y + n)Pa(t)

which is characterized by loss rate i and the relative gain rate y.
In the no-duplication model, birth events arrive at the same rate,
independently from the number of existing copies, while each
copy is lost independently with the same rate.

The parametrization by relative gain rates « or y with respect
to A or u is mathematically convenient because they show up
directly in the formulas for transition probabilities. In a biolog-
ical interpretation, the components x« and A are the per-copy
instantaneous rates of loss and duplication, which can be em-
bedded in a population-genetic model of genome size evolution,
so that they are determined by a selection coefficient, and the
(constant) population size (Sela et al., 2016). If selection, and,
consequently, fixation probabilities, for gained xenolog copies
are identical to inparalog copies, then 0 < « represents the
relative rate of gene birth by non-duplication processes (including
horizontal gene transfer and innovation), and gene birth by dupli-
cation (including segmental duplication and retrotranscription).
The particular case k = 1 is the process of gene length evolution
in the Thorne-Kishino-Felsenstein model (Thorne et al., 1991) for
molecular sequences, where insertions by the immortal link play
the same role as xenolog copies here, and u, A are the deletion
and insertion rates per residue.

2.2. Transient probabilities for linear birth—-death processes

The basic transition probabilities for the xenolog and inpar-
alog processes are well understood (Kendall, 1949; Karlin and
McGregor, 1958). Denote the transient probabilities by

ha(t) = P{x(6)=n} and gi(t) =P{(t) =n}

with starting values x(0) = 0 and ¢(0) = 1. Then x(t) has either
Pélya distribution (the generalized version of negative binomial,
allowing for non-integer x parameter) when A > 0, or Poisson
distribution when A = 0. The inparalogs ¢(t) follow a shifted
geometric distribution.

.
hot) = (" +Z )(1 — g q" ifa k>0

(3a)
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_[a—a¥ (n=0)
K(K+1)~r<1(!fc+n—l)(1 _ q)an {n - 0}
rn
hy(t) = e’rm ifA=0 (3b)
p {n=20}
gn(t) = _ (3c)
! (1-p)1—qq"" {n>0}
with the parameters
—(pu—=21)t
_—ue
P = e (4a)
A — Ae—(r—A)
— ; — Mty if g —
q_ﬂ_)\e—(u—k)t ifr>0 r=y(1—-e*) ifa=0
(4b)
assuming A # u; or if A = p,
ut
=0q= . 4c
P=a=11 (4c)

Note that the formulas remain valid for all transient probabilities
(t < o0), including when A > pu, even if the birth-death process
has a stationary distribution only when A < u.

The rates and the edge length can be rescaled simultane-
ously without affecting the distributions. Dissecting into scale-
independent parameters (assuming q # p):

1 — e—d(ut) Se—sut)
L G P T pe o
(1— 5)(1 - e*‘s(/“)) s
1= s R ey
with § = 1 - A/u = 1 — q/p. The formulas are invertible:

for a given 0 < p,q < 1 we can find § and the scaled edge
length (ut). Therefore, copy number evolution on every edge is
fully determined by the distribution parameters (p, q, ) or (p, 1),
because they define the birth-death process parameters.

Theorem 1 (Unicity of Distribution Parameters). Let 0 < t be fixed.
For any given 0 < p,q < 1 and 0 < «, or with ¢ = 0, for any given
0 < p < 1and 0 < r, there exist rate settings 0 < u,0 < A that
yield those distribution parameters as in Eq. (4).

Proof. If g = 0,then A = 0,andbyp =1—e* and r = yp,
we can set ut = —In(1 — p) and y = r/p to match p and r. If
0 < q = p, then set (ut) = p/(1 — p) and A = p. Otherwise,
since g/p =1—38and (1 —q)/(1 —p) = e, setd =1— g,

(ut) = 1n}%g (1—gq/p)and A = u(1—36). O
3. Results and discussion

Based on the transient probabilities for xenolog and inparalog
copy numbers (starting with 0 or 1 copies), we infer the prob-
abilities for copy number changes in the general case (starting
with n copies) in Section 3.1. In Section 3.2, we discuss the
likelihood model for copy numbers on a phylogeny using two
random variables per node: the copy number £ at the node
and the number of non-empty inparalog groups n in the lineage
leading to the node. The model is parametrized by a triple of
(x, p, q) gain-loss-duplication parameters on each edge; or by the
gain-loss parameter couple (r, p) in the no-duplication model.
The infinite summations in the likelihood formulas of (10) and
(11) are exploited in Section 3.3 to infer the probability of un-
observed gene families with 0 copies at all leaves. Theorem 4
not only gives the probability of the empty profile, but also
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establishes the (per-copy) survival parameters p, g and the (per-
copy) extinction probability € that are used in further calculations.
A finite likelihood computation for arbitrary copy number profiles
at the leaves is introduced in Section 3.4 that uses conditioning on
ancestral copy numbers (random variables &,, 77, at every node u):
genes with descendants in at least one terminal lineage. In par-
ticular, Theorem 5 gives the postorder recurrences for computing
the likelihood.

In Section 3.5, the postorder likelihood computation is coupled
by a preorder recurrence on the phylogeny for complementary
outside likelihoods in Theorem 7, which are plugged into the
formulas for posterior probabilities of ancestral copy numbers
in Corollary 8. In order to lay the foundations for the opti-
mization of model parameters by maximizing the likelihood, we
describe a numerical procedure for computing the partial deriva-
tives of the likelihood in Section 3.6. The gradient with respect
to survival parameters (p, ) can be obtained directly from the
posterior expected copy numbers (Theorem 10 and Corollary 11).
Theorem 12 describes an algorithm for computing the gradient
with respect to the original model parameters p, q in a preorder
traversal of the phylogeny. The numerical algorithms for the no-
duplication model are described in Section 3.7. Our concluding
result in Section 3.8 shows that the algorithms take quadratic
time for computing the likelihood, the posteriors and the gradi-
ent. Proofs for the major theorems are in the Appendix. Table 1
summarizes the important notations in our discussion.

3.1. Transient probabilities in the general case

First, suppose that duplications are allowed, and %, > 0 on all
edges uv € T. If there are &, = n copies at an ancestral node u,
then they evolve independently along each child edge uv:

Eb=x+oa+-+& (5)

where x denotes the xenolog copies, and ¢; denote iid vari-
ables for the descendant inparalog copies from each parental
instance i = 1, ..., n. The ¢; variables follow the basic transition
probabilities from Eq. (3)

P{x =k} = hi(ty,) and P{g =k} = gi(tw).

The key observation for calculating IP[*;‘U =m ‘ & = n]

P{x 4+ ¢1+---+ ¢ = m} is that ¢;|¢; > 0 has the same geometric
tail as the Pélya distribution of x. Since the distributions with the
same tail parameter q can be summed directly, &, — s has a Pélya
distribution with parameter (k + s), where s = ZL]{Q > 0} is
the number of surviving copies. (The shorthand notation {; > 0}
denotes indicator variable that takes the value 1 whenever ¢; is
positive, and the value 0 when ¢; = 0.)

Theorem 2 (Transient Probabilities in the General Case). For a linear
birth-death process with parameters «, A, i > 0,

ple)=m | 50)=n

R £ +m-— 1 +s m—s n n—s S
> (1—q)*q p"*(1—p)
m-—sS N

s=0

(6)

with the parameters p, q defined in Egs. (4).
For a linear birth-death process with parameters A = 0 and

u,y >0,
m-—Ss
e—r r n (1 _ p)Spn*S
(m—s)\s

(7)

min{n,m}

P{é(t): m ‘ £(0) = n} -

s=0

with the parameters p, r defined in Egs. (4).
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The original recursive algorithm of Cstirés and Miklés (2009)
for computing the profile likelihood uses the basic birth-death
transitions from (3), and arrives at a set of recurrences by combi-
natorial principles. We can infer the same method algebraically
in the present framework — by extracting the recurrences for
transition probabilities from Theorem 2.

Corollary 3 (Transition Probability Recurrences). Let uv € T be any
edge and w(m | n) = P{&, = m | & = n; denote the transition

probabilities.
For A, > O, let p = p,,q = qu, k = k, denote the applicable
distribution parameters from Eq. (4). Then

_1
w(m | 0) = (" +Z )(1 — X"

and, for 0 < n,

w(m | n)=qw(m|n-—1)
+{m>0(1-p—quwim-1|n-1)
+ {m > O}qw(m — 1| n).

3.2. Phylogenetic model with surviving copies

We amend the phylogenetic model by explicitly inserting a
hidden random variable 7, of surviving parental copies between
the copy numbers &, and &, on every edge uv. In particular, with
the xenolog-inparalog decomposition of Eq. (5),

§u
=) 0<q).
i=1

Fig. 2 shows the example of evolving copy numbers &, n on a
small phylogeny (on the path to leaf 3). For the ease of presenta-
tion, we continue with A, > 0 at every node v, and return to the
no-duplication model afterwards. Using Theorem 2,

u
& =X+Z§i and 7,

i=1

P[nu =S| &= ”}
- (’;)(1 — P (P b=m ()
ple,=m|n =s}
- (KU o 1)(1 - 0, (g =m}  (8b)

with edge-specific loss, duplication, and gain parameters p,, q,,
Ky-

A complete history fixes all counts &, and n,: {§; = ny, ..., &
= Ng,N1 = S1,...,Nr—1 = Sg_1}. The joint distribution of our
phylogenetically linked random variables is written explicitly as

P& =nq, ..

L ER=TNR, M =S1,...,Mr—1 = Sr—1}

n
= Flge =) > ] | ( (S”)(l — P (P (9)
el v
Jl:D{VIUZSU Suznu}
Ky +1n,—1 3
X ( )(1 - qu)Kersv(qv)nl'y S ),
N, — Sy
]P{EU:HU|7]1;:5U}

All histories satisfying s, < min{n,, n,} on every edge uv € T and
P{&x = ng} # 0 have positive probability if p,, q, are bounded
away from 0 and 1.

Let & = {n,:v € £} be a profile comprising the observed
copy numbers. The profile likelihood is the sum of all history



M. Csiirds Theoretical Population Biology 145 (2022) 80-94

7[7:T77=0
§&r=3

birth-death

process

loss

P

surviving copies

L
gain + duplication

Fig. 2. Gene family evolution on a 4-leaf full binary phylogeny. Circles denote copies with lines connecting homologs among them. The blue diamonds mark a
“virtual” copy outside the genome that is the progenitor of xenolog copies. The random variables £ and n count all copies and surviving copies from the parent,
respectively On the edge to Node 3 (a leaf), the birth-death process is illustrated with 5 events at random time intervals: duplication (b1, originating from the first
inherited copy) and gain (b2, originating from outside), and losses (d3, d4, d5). The ancestral copy numbers & and # count only the copies that have homologs in
at least one descendant (shaded circles). The full birth-death history includes the copies that are extinct in all descendants (white circles, shown along the path
to leaf 3). An equivalent probability distribution is generated by a two-step manufacturing of ancestral copies that have descendants at the leaves: children inherit
surviving copies by asymmetric loss, and surviving copies generate duplicates.

probabilities from (9) for the same profile: After defining ng = 0, Eq. (11) is the same formula for the
L&) likelihoods Ky as on the edges, and L(Z') = Kg(0).

=P{Z}

= Z P& =ny,.... 6k =ng, M =S1, ..., Mr-1 = Sr-1}, 3.3. Empty profile likelihood

Ny,Sy: UgL

with infinitely many terms. Define the partial profile within every Typically, the input sample does not include families Wl.th an
subtree as 5, = (Vv € Ly:& = n,) where £, denotes the empty profile that has &, = 0 at all leaves v. We do not insist

leaves in the subtree rooted at u, including the singleton £, = {u} on empty profiles having a particu.lar biological interpretation —
whenever u is a leaf. Define the likelihood of the partial profiles  after all, one could add empty profiles based on genes annotated

conditioned on &, or n,: outside the input genomes - but they should not be ignored. First,
the extinction, or complete loss of descendants for a gene that
Cu(n) = P{ﬂu §u= n} and  Ky(s) = P{“u NMu = 5}' existed in some organism at some time is a biologically plausible

At a leaf u, we have Cu(n) = 1ifn = ny, the observed scenario. The model, in fact, quantifies the per-copy extinction
’ u - - u»

count, or Cy(n) = 0 if n # ny. All other conditional likelihoods probability exactly (by € in Theorem 4). Secondly, the multitude

can be expressed using Egs. (8a) and (8b) about the conditional ~ ©of unsequenced genomes certainly have many genes waiting to be
distributions &, | n, and 5, | &. At all nodes u, discovered. Thirdly, future evolution also results in entirely new

o gene families, as the (presumably finite) landscape of functional

Ky(s) = Z (Ku +s+(k— 1)>(1 — gy tS(qu)k x Culs+K); (10a) coding sequences is explored by mutation and descent. In the first
k case, the empty profile has a non-empty history. The latter two

cases are conceptualized by a placeholder empty profile with an
empty history. The model captures our observation bias in the

n . . oqe
n _ input sample by the empty profile’s probability.
am=] <§ <S>(1 — Pl ()" x 1<U(s)). (10b)
s=0

uvel Theorem 4 (Empty Profile Likelihood). Define the (per-copy)

The family distribution at the root R is needed to sum across survival parameters p,, G, and the (per-copy) extinction probability
the likelihoods Cg(n) to get the profile likelihood

k=0
and at every ancestral node u,

€yl
o0
LE)=P{E} = ZP{ER _ n}IP’{ER | £ = n} (i) ey = ~0 for all leaves u, and for every non-leaf u, ¢, =
n=0 nuveT Dv-
0o (ii) At every non-root v,
ZZP{ERZH}XCR(H)- po(1—€)+ e(1—qy)
n=0 f’vz( v+(1_pv)5v(l_dv))= - ;_q: .
Assume that the root copy number follows a Pélya distribution o
with some parameters xg, gg > 0: (iii) At every node u,
_ kp+n—1 . 1—¢
ye)= ( )(1 — qr) (qr)" x C(n). (11) Qu=quy——
n 1—quey
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The probability of the empty profile is

R R K
- 1—q !
K0)=[J(1 - ar)y* = 1"[(1_)
u=1 u=1 Gu€u
Let the input sample consist of the observed profiles for fam-
iliesf=1,...,F: &/ = [Su =nfyu:UE L}. If the empty profiles

are unobservable, then the likelihood of a single family profile is
conditioned on the fact that at least one copy number is positive:

Hf)
— L(0)

using the uncorrected likelihoods L(Z') without condltlomng on
being empty, and in particular the empty profile likelihood L(0)
from Theorem 4. Applying the correction to the entire sample:

HL* ,_,f l_[f 1

(1- L(O))
The correction of Eq. (12) is akin to Felsenstein’s likelihood cor-
rection formula for restriction site evolution (Felsenstein, 1992).

(&) =

{Vue,cR & =npy | Ju e Lg: Su#O}

)

(12)

3.4. Computing the profile likelihood

Since the ancestors’ copy number {£&, = n} may be possible
for all nonnegative integers n, the likelihood recurrences of (10)
involve infinite sums for K, and infinitely many C,(n). We can,
however, factor out the histories with parallel losses for a finite
calculation. Define &, at every ancestral node u as the number of
copies that are not lost simultaneously in all descendant lineages
to L,. Let 7, denote the number of surviving ancestral copies:
those that are not lost either on the edge leading to u or in
the subtree T,. In other words, the ancestral copy numbers 7
and 7 count only the progenitors of extant copies at the leaves,
as opposed to the ancestors’ copy numbers &, n that count all
homologs in the ancestors’ genomes. See Fig. 2 for an illustration.
Define €,, p, and g, as in Theorem 4. Since copies are extinct
independently with probability €,, for 0 < ¢ < n, P{§, = ¢ |

&y = n} = (2)(1 — €)' ()"

Theorem 5 (Likelihood Computation). Given a profile =, define the
conditional likelihoods
F _ 6}

Ku(s)=P{Ey | flu=s} and Cut)= ]P’{Eu

at all nodes u. In particular, the profile likelihood is L(Z) = Kg(0)
at the root R. Define the sum of observed leaf copy numbers within
every subtree: m, = > 1,.

veLly

(i) For all s > my, ku(s) =0, and for all £ > my, C‘u(Z) =0.
(ii) At every node u, for all 0 < s < my,

Z Cult (K” :_@ N

(iii) If u is a leaf, then Cu(E) = {¢ = ny}. If u is an ancestral
node with children uv,uw € T, thenforall0 < £ < m, =

1 i .
Ki(s )(1 — @) (@) (13)

my +mun

n{¢,m

Z ) x KZ —5)

1-— ~v~1 t=s
() Pu pu ??u) (14)
1 _pva 1 — DvDw

with K¢ (£) = K,,(¢), and, for all 0 < d < ¢,
Ki(d) = (1= po) x KE(d + 1) + P x K57(d). (15)
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Note that Eq. (13) also applies to a duplication-loss (Ay, ty >

0) model with no gain («, = 0). Then, since &, is the sum of s = 7,
geometric distributions, it has a negative binomial distribution
with parameters s and g. So, K, 4(0) = Cy(0),and forall 1 <s < my,

- oL (- _
Ki(s)=)_ (e—l)“ — Q)

=0

S~{—s
qu .

Non-binary phylogeny

A degenerate phylogeny T represents the parent-child rela-
tionships in a non-binary rooted tree. In such a phylogeny, the
ancestral nodes may have 2 or more children. In practice, it makes
sense to put multifurcating nodes at deep ancestors to represent
the ambiguity of resolving short edges, and a ternary root is
common if the phylogeny was derived from an unrooted tree.
The likelihood recurrences of Theorem 5 can accommodate any
d-ary node, by considering survival in 1, 2, 3, ...d child lineages
incrementally (for any child ordering). More specifically, a d-
ary node can be resolved arbitrarily into a series of bifurcations
by keeping the distribution parameters on the edges leading to
the d leaves, and 0-length inner edges (thus with p = q = 0).
Theorem 6 uses a straightforward resolution into a right-leaning
caterpillar tree.

Theorem 6 (Likelihood Recurrences for Multifurcating Node). Let u

be a node in a degenerate phylogeny with d > 2 distinct chlldren
uvy,...,uvg € T enumerated in any order. Let €, _; = ]_[J ,ﬁvj
fori=1,...,d so that €, = €, 1. Define the likelihoods 6;’(6)
and Kfi d(s) conditioned on s surviving copies in the subtrees of
Vi, Vit1, -+ -5 Ud?
Gl =K, () {0<e<my,) (16a)
and, forall 0 <i<dandforall0 <{ <my , +---+my,
min{(,mv];l }
GO = Y Ky (9)x KL (£—5)
s=0
« (e>< 1-— [)v,',1 >S<ﬁvi1 - ﬁv,-leu,—i)l_s
s)\1—e€y—i-1 1—ey—i-1 '
(16b)
with
Ki, (0 =GO (16c)
KE (k)= (1= ey )k} (k+1)+e K. (k) {0<k<¢)
(16d)
Then C,(£) = C;'(£).

Proof. Omitted. O

Partial genomes

An incomplete genome at a leaf u is characterized by the
fraction (1 — €,) of the genome that is annotated. Assuming a
simple model of randomly missing copies, we have

ples=k|& =n]= (Z)(l — e,

where £ is the number of annotated copies, and £ is the true copy
number in the complete genome. In other words, the recurrences
of Theorems 5 for the likelihood and 4 for the empty profile
remain the same, with the only change that g, # g at such a leaf
with €, > 0. Without constraints, however, the trio (py, qu, €4) is
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not identifiable: the distribution parameters

u ]_Gu

q
— Du)eu q=4qu
1—quey 1—quey

produce the exact same distribution at u as (py, qu, €4).

p=p.+(1 €=0,

3.5. Posterior probabilities for ancestral copy numbers

Let & = {£, = n,:v € £} be an arbitrary profile of copy num-
bers observed at the leaves. Theorem 5 provides the recurrences
for the conditional likelihoods C, and K, of the partial profile Z,
conditioned on the ancestral copies &, and 7,, respectively. Define
the complementary outside likelihoods

Bu(¢) = JE =10 and Ju(s)=

where & — &, = {§ = n,:v € £ — £,} de
outside the subtree rooted at node u.

P{E—5, P{E — &y, 7y = s}, (17)

enotes the profile

Theorem 7 (Outside Likelihoods). Let & = {§, = n,:v € L} be
an arbitrary profile, and define the outside likelihoods as in Eq. (17).
The following recurrences hold.

(i) At the root, Jg(0) = 1 and Jg(s) = O for s > 0.
(ii) At any node u, for all 0 < £ < m,,

~ Ky+4€—1
qu(s)x( s

(iii) At every non-root node v with parent u and sibling w (i.e,
uv,uw €T), forall 0 <s <m,,

)(1 — qu) T (q) . (18)

= Zéu(z) x Ki (e —s)

l=s
)S(ﬁv - ﬁvﬁw )Zis
1-— ﬁvf’w

L ( 1—p,
X = =
S 1 — DvDw

Theorem 7 with Theorem 5 deliver the posterior probabilities
in computable forms.

Ju(s)

(19)

Corollary 8 (Posterior Probabilities). Fix an arbitrary profile £ and
let Cy, Ky, Bu,ju denote the inside and outside likelihoods at every
node u.

(i) The profile likelihood can be computed by either formulas

L&) =P{E)} ZB Y x Cy(£ Z]u ) x Ky(s). (20)

(ii) The posterior distribution of &, is P{&, = ¢ | &} =
Bu(0)xCu(€)
iz

(iii) The posterior distribution of i, is P{fi, = s | &} = %

3.6. Partial derivatives of the likelihood

Suppose that we are interested in the corrected likelihood for
a sample of family profiles {&/:f = 1,...,F}. By Eq. (12), the
derivative of the corrected log-likelihood, with respect to any
distribution parameter 6 is

F
1% A:'Jf

9
ag(nL) = <Z (&)

f=1

L'(0)
1-L1(0)’

(21)

IUE) denotes the derivative of the uncorrected

where ['(Z) =
profile likelihood.
It is tempting to choose the optimized distribution param-

eters directly as «, and the survival parameters p,, q, for the
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maximization of the corrected log-likelihood In L*. They uniquely
determine the parameters p,, q,, and, consequently, the edge-
specific rate parameters. The values of p and g are, however, not
arbitrary across the tree.

Theorem 9 (Unicity of Survival Parameters). Let T be a phylogeny
equipped with gain rates 0 < &k, and survival parameters 0 <
Pu» Gu < 1 at every node u. If, at every non-root ancestral node u,

>(1=q) [] 5

uveT

(22)

then there exists a phylogenetic birth-death model on the same
phylogeny with distribution parameters 0 < p,, q, < 1 and same
gain rates k. Otherwise, no solution exists with positive p, on every
edge.

In light of Theorem 9, we should aim at using the partial
derivatives with respect to p and ¢ as an intermediate step toward
inferring the dependence on p and q. Using Corollary 8, we can
determine the partial derivatives with respect to the survival
distribution parameters.

Theorem 10 (Partial Derivatives of Then Profile Likelihood). Let =
be an arbitrary phyletic profile.
(i) At every node 1 < u <R,

AL(E) H 1 =
%, =L(&)x (aE[&‘u | ]
- (~l+ L )]E[r“;u
qu 1-qu
(ii) At every non-root node 1 < v <R,
L(E) 1 1-—e¢

=4 l £ =1_ (__ ~ =
op,  LE)X (ﬁuE[S“ | 51- (5, + 7=, el | “]>’

where € = €u/Py = ([Tywer Pw)/Pv is the product of p,
across the siblings with the same parent uv, uw € T. (Simply
€ = p,, if there is only one sibling uw € T.)

(iii) The partial derivatives with respect to «, are, forall 1 < u <

R,
oL(Z)
Ky
my—1 Pl . ~ .
B u P{§U>I‘E}—P{HU>I‘E}>
=L(Z)x |In(1— + - .
() ( (1) ; e
(iv) The partial derivatives for the empty profile & = 0 are
(')L(O)
—L(0)
aqu 1—%
aL(0 aL(0
E)zo and ( ):L(O)xln(l—(ju).
9 Py d Ky

Note that using the posterior distributions from Corollary 8,
we readily obtain the posterior expectations

Ef& |

Efiiu |

as well as the distribution tails P{&, > i | &} = Y, P{& =
E}u}andIP’{nu>1]u}: v Pli. = ¢ | E} which
are needed in Theorem 10 and the following Corollary 11 that
combines Theorem 10 with Eq. (21).
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Corollary 11 (Partial Derivatives of Sample Likelihood by Survival
Parameters). Let InL and In L* denote the uncorrected and corrected
log-likelihood for a sample of family profiles {E/:f = ., F}L
Define the posterior expected counts across the sample

F F
=2 Ela ] &] =2 Bl | &']
f=1 f=1

F F
Ny => P& >i| &} S;1=> Plin>i| &}
f=1 f=1
ateverynode 1 <u <R
(i) At every node 1 <u <R,
B N, —§u Su+ kuF
—InL = —
8QH qu 1—%
b _ Nu—gu 5u+Ku]_LL(O)
3qu Elu 1_EIu
(ii) For a non-root node 1 < v < R, let u be its parent:
F) 9 N,—S 1—¢€)S,
—InL = Inl*= + = —( 6}
apv 9D, Dv 1-p,
N _(1_6u)s (1—e))Sy
pu 1_f’v
where € = (l_[uweT f’w)/ﬁw
(iii) At every node 1 <u <R,
my—1 i Soj
u— N>l _S>1
— InL=FIn(1 - L
Ky ( Gu) + Z: Ky +i
~ my—1 ~_; o>
Fln(l — qu) n Z Nul —S'ul
1—1(0) Ky + i

i=0

Powerful numerical algorithms for function maximization
(conjugate gradient and variable metric methods like Broyden-
Fletcher-Goldfarb-Shanno) exploit the gradient for quick conver-
gence to optimum. The likelihood optimization for a phylogenetic
birth-death model can rely on the computation of both the
likelihood (Theorem 5), and the gradient with respect to the
parameters xy, Py, qy across the tree. By Theorem 1, the proba-
bilistic model is uniquely determined by the parameter set, up to
equivalent rate scalings. Maximizing the likelihood with respect
to the survival distribution parameters p and g from Theorem 10
is not straightforward because Theorem 9 imposes monotonicity
constraints between parameters on adjoining edges. Let u be
an arbitrary node at some depth d (root is at depth 0). For a
distribution parameter such as 6, = p, or 6, = q,,

) 9q IL(&
EZEMU ey

~ 6, = op

aL( ) 9Py

00,

)

by the chain rule. In particular, p, and q, influence p, and g, at
nodes u along the path between the root and v. Consequently,
the above sums include only the ancestors of v, and the partial
derivatives can be computed in a preorder traversal. We state the
procedure in a generic theorem about recovering the derivatives
of any function @ of the distribution parameters.

Theorem 12 (Gradient Computation). Let @ be an arbltrary differ-
entlable function of the survival parameters {pu, qu} .Let ) =
- denote the partial derivative with respect to any distribution

parameter 0,. The partial derivatives &) (for non-root v), @)
(for any v) and &) (for non-leaf v) can be computed in a preorder
traversal by the following recurrences.
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(i) At the root v =R,

dR) — 1—« ®ar) (23a)

(1 — qreg)?
1—qg g

@R — 7(_ (p(lIR))' 23b

(1= arerp (230)
(ii) At every non-root node 1 <v <R,

(D(Pv) — 1- € (¢(ﬁb) + e(p(éu)) (243)

1- quv€y

1—¢, -
@(QU) — € ) (@ qv) _ (‘l _ pv) (¢(P1:) + Ed)(éu)))

(l — Qv&y 2
(24b)

and, if v is not a ledf,

1—¢q . .
(€v) — v (Pv) u v
¥ = e (1 =P(00) +e0) —q.00)

(24c¢)

with the parent u and

~ €
e= [T tw#vpu ==
w:uweT by

(For a binary node, ¢ = p,, with the sole sibling w ).

Theorem 12 can be employed with the individual family pro-
files using ® = L(&/) and plugging L'(&f) = & into the
corrected log-likelihood formula of (21) foreachf = 1,...,F in
the sum, as well as for L'(0). But it may be more efficient to carry
out the procedure only once at the end, using @ = InL* directly
with its partial derivatives from Corollary 11. For the purposes of
likelihood maximization, use a parametrization with the logistic
and exponential functions as

1 1
= — = — K, = ewu
Du T+em qu Tteh '
with unconstrained real-valued parameters
=" g =in—L o =Ink,.
1-— Du 1- qu
The partial derivatives are computed by the chain rule as
0
plaw) — (D(pu)ﬂ = pu(1 _pu)q)(pu) {0 <u<R)
ooy
(Bu) — gplan) 0 (aw)
o = @ — = q(1 — qy )" ™ {0<u<R}
u
K,
@low) = plaw) L — (o @liu) {0 <u<R)
dwy

3.7. Likelihoods in the no-duplication model

In the case of A, = 0 on all edges uv € T, the joint distribution
of the random variables multiplies Poisson and binomial masses:

Pl =n,..., 6k =Ng, 1 =S1,..., Ng—1 = Sp—1}

= Pisk = ne} x l_[<< ) T=pu)(p)" ™ x e—%)

uveT
This time we assume a Poisson distribution at the root: P{& =
n} = e "r"/(n!), and, as before sz = O for retrieving the likelihood
L(Z) = Kg(0). The recurrences for the likelihood and the empty
profile are adjusted accordingly. In particular,

—r (T )
k!

(o)

De

k=0

Ky(s) x Cy(s + k), (25)

but the recurrence for C, stays the same.
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Theorem 13 (Empty Profile in the No-Duplication Model). Define €,
as in Theorem 4, with p, = (p, + (1 — py)e,) at every non-root
node v, and ¥, = r,(1 — €,) at every node u. The probability of the
empty profile is

R R
= He‘f“ = Hexp(—ru(l - eu)>.
u=1 u=1
The likelihood computations of Theorems 5 and 7 adapt easily

to the no-duplication model, with £ and 7 defined as before. Two
recurrences change: at every node u, and for all 0 < s < m,,

=360 xe

and, for all 0<¢{<my,

(Fu )E s

L —=s)"

= )Z—s

¢ e
= Zju(s) x et
s=0 (

L—=s)

Consequently, the derivatives of the profile likelihood are

og)
=) Bu(€) x Cul z)
FEATS (Z )X GO
- - = (RS (e —s
= > Juy x Cull) x et — —1
(L—=s)N\ 1y
0<s<t<my
E[é, | E]—E[f | &
iy (LI ERE] )
Ty
very node 1 < u < R. In particular, for the empty profile

at ev
E:

0,

8ru (U eirv) -

by Theorem 13. Substituting into Eq. (21) for the derivatives of
corrected log-likelihood on a sample of family profiles gives

d(nL*) N, =S, F
ar, 1—L(0)
The analogue of Theorem 12 is the following claim.

aru

Ty

Theorem 14 (Gradient in the No-Duplication Model). Let @ be
an arbitrary differentiable function of the distribution parameters
{Dus ru}R_1 in a no-duplication model. Let &) = B‘g denote the
partial derivative with respect to any distribution parameter 6,. The
partial derivatives ®®v) (for non-root v), @) (for any v) and ‘ple)
(for non-leaf v) can be computed in a preorder traversal by the
following recurrences.

(i) At the root v =R,

o™ = (1 - &)™ (26a)

LR = —rppl®), (26b)
(ii) At every non-root node 1 < v <R,

PP = (1 ev)<d><f’v) + 6¢(eu)) (27a)

o) = (1—¢,)0™. (27b)

and, if v is not a leaf,

o) = (1-p,)(#7 + €0) — 1,0 (27¢)

with the parent u and

~ €
[T tw#vpn ="
w:uweTl Py
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Note that the different duplication models can be used in the
same tree: some edges can have A = 0, and some A > 0. In the
recurrences for K, and B,, either the Poisson (if A, = 0) or the
Pélya (if A, > 0) formulas apply, and the computed derivatives
are dr, or dk,, respectively.

3.8. Algorithmic complexity

The set of conditional likelihoods C,(£¢) and K,(s) for a given
profile Z can be computed in a postorder traversal of the phy-
logeny using Theorem 5. The recurrences for Ku(s) from (13) are
straightforward to implement by embedded loops over 0 < s <
£ < my. Define

u -1 ~ ~ N\t
m@ﬂ=(K+sjt )U—%W“%L

/| Computing I?u(s) for all s
1for¢ «<0,1,...,my
2 fors <—0,1,...,¢
3 Kuls) < Ku(s) + Gul€) x hy(s, £ —s)

For the recurrence of (13), compute K5 (s) looping over t and s
in the opposite direction. Let

S+t 1_f’v ’ ﬁv_ﬁvﬁw '
QU(S, t) = ~ < —= .
S 1- DvDPw 1- DPvDw
/| Computing C,(¢) for all £ at u with children uv, uw € T
1,...,0

1 for t < m,,m, —
2 KL(t) < Ky(t)
3 fors < 0,1,...,m,

4 Cls+1t) < Culs+ )+ Ky(s) x K5 (t) x gu(s, 1)
5 KEFDH(E) < (1 — P KEH(E + 1) + P K5 ()

Note that gy(s, t) and hy(s, t) can be computed in constant time.
For instance, In hy(s, 0) = (x, + s)In(1 — gy), and for t > 0,

Inhy(s, t) = (ky +5)In(1 — G,) + tIng,
+Inl(ky+s+t)—Inl(ky+s)—Inl(t+1)

with the Gamma function I'(z) = f x*~le™*dx (so that I'(t +
1) =t!).

The outside likelihoods B,(¢) and J,(s) from Theorem 7 are
computed in a preorder traversal. Concomitantly, the posterior
distributions for ancestral copy numbers &, and 7, are obtained
by Corollary 8 in the same traversal. In addition, during the same
preorder traversal, the partial derivatives can be computed with
respect to all py, Gy, k, parameters. In order to get the gradient of
the corrected log-likelihood @ = InL* over a sample of F families,
first compute the partial derivatives @), @(@) and @) of the
corrected log-likelihood from the derivatives for the individual
profile likelihoods using Eq. (21). Subsequently, the recurrences
of Theorem 12 compute all ) and @) in a single preorder
traversal. The running time is quadratic in the total number of
observed copies.

Theorem 15 (Running Time for Likelihood Computation). Let =& =
{&y = ny:u € L} be an arbitrary profile across L = |£| leaves. Let
n= % Zﬁ=1 n, be the average of the leaf copy numbers within the
profile, and let h be the phylogeny’s height. The profile likelihood and
the posterior distributions for &, and 1, at all ancestral nodes u can
be computed in O(hL(LA* + 1)) time.

The height h = O(log L) for almost all random phylogenies in
the Yule model (where the tree is generated by a birth process), as
well as in Aldous’ beta-splitting model (Aldous, 1996) (when 8 >
—1); in the biologically less plausible uniform and unbalanced
beta-splitting models, h = O(v/L).
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4. Conclusion

We report fast algorithms for likelihood, posterior and gradi-
ent calculations for linear birth-death processes on a phylogeny.
For a tree with L leaves and a profile with Ln total copies, the
likelihood computations take O(hL*n?) time, which matches pre-
vious algorithms’ running time (Cstirés and Miklés, 2006; Cstirds
and Mikl6s, 2009). Imposing a maximum ancestral copy num-
ber & < npe to truncate the summations (in Theorems 5 and 7)
yields ©(Ln2 ) running time. Other methods (Hahn et al., 2005;
Iwasaki and Takagi, 2007; Spencer et al., 2006; Ames et al., 2012;
Fukunaga and Iwasaki, 2021) that adapt Felsenstein’s peeling
algorithm with maximum ancestor copy number & < np.x have
the same asymptotic running time, provided that transition prob-
abilities can be computed easily. If transition probabilities are not
readily available, however, then the exponentiation of the rate
matrix on all edges takes @(Ln3 . ) time, restricting applicability
to smaller families.

A subtle, but important feature of our methods is that they
incorporate observation bias for empty profiles. Neglecting the
likelihood correction may be problematical, because it inflates the
appearance of conservation, and thus results in biased ancestral
reconstruction and parameter inference.

In our approach, posterior distributions for ancestral copy
numbers are computed alongside the likelihoods. To our knowl-
edge, the gradient computation algorithm (Theorem 12) is en-
tirely novel of its kind. It extracts the partial derivatives from the
posterior copy number distributions in linear time, necessitating
a single evaluation of the likelihood. In contrast, approximate
gradient calculation (implemented in Count, Cstirgs, 2010, for ex-
ample) for ®(L) distribution parameters entails @(L) evaluations
of the likelihood.

Our mathematical framework for phylogenetic gain-loss-
duplication models provides the clean decomposition of Eq. (9),
involving a network of dependent random variables. The ele-
mentary decomposition can be employed with standard Bayesian
and likelihood methods, leading to efficient algorithms for a
notoriously hard bioinformatics problem.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared
to influence the work reported in this paper.

Acknowledgments

This research did not receive any specific grant from funding
agencies in the public, commercial, or not-for-profit sectors.

Appendix

We give the proofs for Theorem 2, Corollary 3, Theorems 4-
7, Corollary 8, Theroems 9, 10, Corollary 11 and Theorem 12 in
Appendices A.1-A.7. The results about the no-duplication model
are proven in Appendix A.8. Finally, Appendix A.9 discusses the
proof of Theorem 15 for the running time. Table 1 shows the
notations in the proofs.

A.1. Proof of Theorem 2

Proof. First, suppose that . > 0. Decompose &£(t) as in (5). For
£(0)=n,

E(6) = x(O)+ Y alt)
i=1
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Table 1
Notations for phylogenetic birth-and-death model.
T Phylogeny (binary tree) with integer-indexed nodes
R Number of nodes in the tree (also the root’s index)
u, v, w Nodes in the tree
Ty Subtree rooted at node u
£ and £, Leaf set for T and T,
&, Copy number at node u
Ny Parental copies surviving at node v
X5 Gi Xenolog and inparalog copies (Fig. 1)
K Relative gain rate (from outside sources)
y Relative gain rate in no-duplication model
A Per-copy duplication rate
“w Per-copy loss rate
t Edge length (time)
qu Duplication parameter on edge leading to node u
Du Loss parameter on edge leading to node u

Ty Gain parameter in no-duplication model

Point mass function for xenolog copy number at time t
Point mass function for inparalog copy number at time ¢t
E Phylogenetic profile (vector of non-negative copy
numbers at the leaves)

u Profile in the subtree T,

el Profile for family f

Extinction probability for a copy at node u (Theorem 4)

Du Survival loss parameter (Theorem 4)
Qu Survival duplication parameter (Theorem 4)
&, Ancestral copy number (non-extinct copies)

Ny Surviving ancestral copies
Copy number observed at leaf w
Sum of copy numbers at the leaves £, below node u

where x follows Pélya with parameters («,q), and ¢ are iid
shifted geometric with parameters (p, q). Now define the random
variable 7n(t) as the number of surviving copies

n

n(t) =Y _{&(t) > 0}.

i=1

Since ¢; are independent with P{¢;(t) = 0} = p,

plne)=s | 0)=n| = (':)(1 —pFp (28)

Since the ¢; = 0 are immaterial in the sum, we can condition on

n(t):

ple@ =m | n(e)=s.60) = n} = Plee) =m | n(e) = 5}
=Plx+&+-+=m,

where ¢; — 1 are iid random variables following a Pélya distribu-
tion with parameter 1:

1+k—1
P{C{—lzk}z(l—q)q":( +,z >(1—q)1q".

Looking specifically at the generator functions:

oz = Y Pl =ik = (75 )
i=0

= /A R Z(l - Q)
Fi(z) = ;P{fi =i}z’ = e
SO
F(z) = ZIP{?,—‘(t) =m ’ n(t) = s}zm
= Ro(@) [ [Fz) = 25( ::qqz)m
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Hence, &£(t) — n(t) follows a Pélya distribution with parameter
(x + n(t)), and the same tail parameter q. Now,

ple) = m | &0) = n}
=Y rle@) =m | 0o =s|p{ne) =5 | &0) = n}

> orle) - nw)=m—s | ne)=s}p{ne) =5 | £0) = n}

(n)(l 3 p)spn75<(K +s)+(m—s)— 1)
S m-—s

_ q)/(+squs
as claimed.

When A = 0, define x(t) and ¢;(t) for xenologs and inparalogs:
k

min{n,m}

2

s=0
x (1

—r

P{x(t) W
and ¢;(t) for i > 0 are Bernoulli random variables with
PiG(t)=0=p P{5(t)=1=1-p.

We condition on #(t) YL dat) > 0} i &it) with
the same binomial distribution as in (28): now &(t) — n(t) has
a Poisson distribution. O

k}=e

Proof of Corollary 3. By Theorem 2, the generating function for
the transition probabilities is

oo

w(m | n)z™

m=0

1—q\* (1-q)z\"
= (=) <p+(1 ~p)
—qz 1—qz

(1—q>K p+z(1-p—q)\"

1-qz 1-—qz '
The generating function satisfies

Gn(z) x (1 = qz) = Gy1(2) x (p +2(1 — p — q)).

Noting that zG,(z) = 2?21 w(m — 1 | n)z™, the equality of the
coefficients implies that

Gn(2)

w(m|n)—qw(m-—1]|n)
=pwm|n—-1)+1—-p—-—qQuwim—1|n—1),

which gives the stated recurrence. 0O

A.2. Proof Theorem 4

Proof. Let C,, K, denote the likelihoods for the empty profile:
Cu(n) = ]P’[Vv € Ly:E =0 ‘ £, = n]

Ky(s) = IP[VU € Lyk =0 ‘ T :s].

Let Q, denote the product of (1 — §,)** across all edges in the
subtree of u: Q, = 1 at a leaf, and at an ancestral node u with
children v, w

Q= (Qu(1— ) ) (Qu(1 — qu)™).
We prove that for all nodes u,
Ku(s) = Qu x (&,)°(1 — EIU)KH+S Cu(n) = Qu x (€)™

(With 0° = 1 and 0" = 0 for n > 0.) In particular, at the root R,
the probability of the empty profile is

R g\
L(0) = Kr(0) = Qg(1 — qr)® = 1_[(1 — qqe ) .

u=1
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We prove the claim by induction in the node height, starting with
the leaves.

Base case. At a leaf u (height 0), we have C,(0) = 1and Cy(n) =0
for n > 0. Since ¢, = 0, C,(n) = 0" = ¢, holds at all n.

At any node v, with k = «,,q¢ = q,,€ = €,Q = Q, and
q=q7:

it -1
) (K o )(1 — @) q"Cy(n)
n—s

n=s

o0
Kk+n—1 p _
ZQZ( . )(1—q) gen
n=s

1— K+s
(i)
1—gqe
— QGS(] _ a)K‘FS.
Induction. Suppose u is an ancestral node with two non-null
children v and w. The height of u is (h + 1) for some h > O0:

suppose that the induction claim holds for all nodes at heights
up to h. Both children have heights at most h, so

Ky(s) = Qu(1 — G ) (€,(1 — )Y’
Kip(s) = Qu(1 — Gu ) (€w(1 — Gu))’.

Ky (s)

Therefore,
Culn) = (Z (Z)(l - pU)S(pn"—SKu(s))
s=0
X (Z (:) (1 — Pw )S(Pw )niSKw(s)>

s=0
= (Q(1 = 3@)*)(po + (1 = p)es(1 = G))"
X (Qw(l - @w)K"’)(Pw + (1 _pw)ew(l - aw))
= Qu(pubu)" = Qule)". O

A.3. Proof of Theorem 5

n

Proof.

(i) Given the definition of 7, and &,, the Pigeonhole Principle
implies that their maximal value is m, = Zveﬁu n,, the
sum of copy numbers at the leaves descending from u.

(ii) By Eq. (8b), the generating function for the conditional
distribution of &, | 7, is

iP{% = ‘ = s}zZ

=0

F(z)

n—s

+n-—1 ks s n—s
o )(1—qu) (qu) Z( i)

i=0

x (ey+(1— 6u)z)k
zs( 1— )+
1—quz ’
where we used 1—§, = % Hence, (&, — 7i,) has a Pélya
distribution with parameters («, + 7,) and qy,:

ple =t | =s} = (”" e l)(1 D

)Z—S'

(29)
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Now we have the recurrences for I~<u:
Ku(s) = IP’{EJU My = s}

wt€—1 .
=Y G <”+_5 )(1—qu

l>s

)l(u+5(("]'u )E—s,

as claimed.

(iii) The éu = £ ancestral copies get sorted in the two child

lineages with probabilities (1 — p,)pw/(1 — PuPw), (1 —
f’w)~u/(1 - ﬁvf’w)v and (1 - f’v)(l - f’w)/(l - ﬁvf’w) as
surviving only on the left v, only on the right w, or on both
sides. Hence,

. Oy 1By \/. 1—Pu \E5
i) () )
S 1—Dpupw 1—pubw
(30)
~ = L ]_Nw S/ 1_~v t=s
o= = () )
S 1_pva ]_pva

for 0 < s < /. Define 1Z/u as the ancestral copies from §u
that survive in both child lineages:

im0 =s] =(2)
Pl =k | =] =(,S<)(1 — BB

for 0 < k < s. The two random variables 7,, 7,, are not
independent when conditioned on &,, since #,, = &, — 7, +

Yu:
P{ﬁv :Sv;]w :t‘éuzﬁ}

=]P[77U=s §u=£]]}»[fyu=(s+t)—e ’ f;v=s}.

(31)

Combining (30) and (31) gives us the recurrence for Cu:

Cu(0) = { :z}
s,t<t
= Z P{Eu Ny = 5}
s+t>¢
X P{Ew ﬁruzt}P{ﬁUZS»ﬁw:t‘guzz}
14 ~ ~
~ 14 1- Dv se. 1 — Pw t=s
=Z<Ku(s)x ( )( — )(pu —— )
s—0 S 1 — PvDw 1 — PvPw

X

- 7% S = = \s—k
Iw(g -S4+ k) X <k>(1 — pw)k(pw) h > .
k=0

The inner sum can be computed in O(1) amortized time by
dynamic programming: for all 0 < d < ¢, let

< >(1 k {—d— k
K, (s) x K5 (€ — )
1_ﬁu

I
X = =
S ]_pupw

The initial values are

¢

Ki(d) =" Ku(d + k) x
k=0

with p = p,,, so that
l

KE(0) = Ky (€).
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Let s = £ — d. Since

S ol
( )(1 - pypt

k

_(s—1 ko~
= {k < s}p< 0 )(1 —pypt It
s—1
1—-5% k—1~(s—l)—(l<—l)7

K — 1)( p)"'pb
we have the recursions for d < £:

Ky (d)
{—

+ {0 < k}(1 —[7)(

a

Ko(d + k) x (z ; d)(l — pptik

d—1 0 —d—

k

—d
+(1-p Z (d+k<

k=1
k=1 5(e—d=1~(k-1),

St =
~ M
T L ©

Izw(d + k)( 1)(‘1 _ ﬁ)kﬁ(*d*]—k

)

(k — 1) in the second term,

—d—
k—1
x (1-p)
By settingd + k = (d+ 1) +

Ki(d) = pKE(d) + (1 = PKS(d+1). D

A.4. Proof of Theorem 7

Proof. At the root, ]R(s) = P{ng = s} = {s = 0} by our model.

Let u

be an arbitrary node, and let ¥« = «,,, ¢ = . Using Eq. (29)

for &u[7u,

Bu(e) =

= s}]P’{f;u =s}
i =splE = | 7 =s]

— ‘l - -
)(1 — @@

Now let uv € T be a parent-child pair, and let uw € T be the

sibling lineage (with v # w). Since =

where we used Egs. (3

rem

5 o =(5F = =
&y =(& - &)U &y,

s|&=¢fpE =0

xP!nv_s‘Eu_Z}

ﬁw = t}

-

P{ﬁw =t ‘ éu ={, ;]v :S}P{Ew
()( 1-py )S(ﬁu—ﬁvﬁw
l_pva 1_151)[714)

~M

x K€ —s),

0) and (31) as in the proof of Theo-

5. 0

A.5. Proof of Theorem 9

Proof. First, define ¢, at all nodes using p: if u is a leaf, then

€ =

0, and at an ancestral node u, €, = [],, 5 Dv. Since all p,

are positive, €, > 0 at every ancestral node u.
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Let u be an arbitrary node and let q = (u,p = pPu. Since
0 < (1—@)e, < 1, the equation g = qul =y l; has a unique positive
solution

q q

qu = = =z = <1

1-(1-q@e g+ —q)1—¢€)
Furthermore, the equation p = p, +(1—py)e,(1—q) has a unique
solution

B p—e(1—-19)

Pu= ——7T—"—"=<< 1.

1—€(1-q)

Since €, = [[,,cr Dv. by the assumption of (22), p, > 0. If the
assumption is violated by p < ¢,(1 — q), then p, < 0, which is
illegal.

Since 0 < p, < 1Tand 0 < g, < 1 can be selected at
every node, Theorem 1 implies that a corresponding phylogenetic
birth-death model exists that is unique up to equivalent rate
scalings. O

A.6. Proof of Theorem 10

Proof. By Egs. (20) and (18),
(=)
Gy
m
~ ()
= GO
=0 U
my l
~ 0 ~ ky+4€—1 - ~ e
=Y GO (D Juls)x (" (1= @) *™(@.) ).
il qu l—s
=0 5=0
So,
(=)
9qu
= Y GO x]uls)
0<s<t<my
ku+€—1 . sy fl—=5 Kky+s
x ( ! )(1 — Q) (@) ( - ) (32)
£—s qu 1— qu
By Theorem 4, the empty profile likelihood is L(0) = ]_[L](l -
qu), so
d L(0) Ky
— = —1(0)
0 qu 1- Qu

For derivatives with respect to p, on an edge between a non-
root node v and its parent uv € T, consider the recurrences of
Dv D

Theorems 5 and 6. Both can be written as
¢ 1-% s ~v = l—s
)x K* (£ —s)x - Pv — Pu€ .
sJ\1—Dpye 1—pye

¢

)= K
At a binary node u (Theorem 5), € = p,, with the sibling uw € T,
and K* (k) = KE(k). If u has more than 2 children vy, ..., vq,
then order them so that v is the flrst and apply The01em 6:
€=¢€,_7= ]_[jd , by and K¢, (k) = , (k) from Eq. (16b). Hence,
using Corollary 8,

my

A& - aC,(e
(~ )=ZBu(1€) u~( )
apy =0 apy

min{¢,my}

D Kuls) x K- (£ =)

s=0
* Py — D€ i
1 —pye '

my
=Y Bu(0)
=0
1- Dv

) 3;v<<f><1—f’~ue
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Therefore,
oL(ZE)
Py

D Bu(l) x Kyls) x K-, (£ —5)

0<s<t{<my
) G (7350 @
S 1—pye 1—pye Py 1—-p,
The derivatives for the empty profile likelihood are trivial, since
L(0) does not depend on any of the p,.

By Corollary 8 and Theorem 7,

AL(E)
d Ky
S cue) S ) +0-1
= Cu(£) Ju(s) ((1 _q )Ku+5( )l s( u ))
; ; drcy —s
Since

B (ere-Ty) _ 20
oK l—s (’“Z;‘) ’

and
O (1 (cTe-1 & Ik Fs+i) 1
K L—s o — K _ISK—H’
we have
AL(E)
0 Ky
=In(1-§,) x L(&)
+ Z Cu X]u
0<s<l<my
Ky +€—1 Gl
u - ~ ~ —
1— Ky+s {—s .
(7L )( G (@) (;KUH)
my—1 1 i my
=In(1=G) x L)+ 3 ——=> " > GlO) xJuls)
i=0 Y =0 ¢=i+1

=In(1—q.) x (&)

3 L (pff > i 2) Pl > i 2)).

+2
i=0
For the empty profile,
IL0) 8 [ o N
T = (H(l—qv)v)=L(0)x1n(1—qu) 0

v=1

Ky +1i

0 Ky
A.7. Proof of Theorem 12

Proof. Let ugu; - - - u4_1 denote the path between uy = v and the
root uy = R with edges u;u;,1 € T. Since p, and g, influence p,
and @, at u = v and at all the other ancestors u = u;, but not at
any other node,
d

dO) — ;)

2 (o5

i=0
Recall the definitions g, = qu1 5" and p, =
(substituting pg = 0 at the root). We have thus
3pu 3QU

opy

py(1—€p)ten(1=qy)
1—quey

_ 1—¢,
1_qv€v

apy
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8131) _ _(1 _pv)fv(l_év) 371v _ 1_511
aqv (1 — Qv&y )2 aqv (1 - QUEU)Z
aﬁv — (1_pv)(1_QU) 3ﬁv — _qu(l_QU)
861} (1 - QUev)z 861} (1 - QUev)z '
(i) If v = R is the root, then
drR) — (p(ﬁk)@ 4 @(QR)LQR
aqr aqr
— —pPr) er(1 — er) ®ar) 1—er ,
(1 — qrer)? (1 — grer)?
and, for R > 1,
PR — q)(ﬁR)LﬁR + @(aR)%
aéR aER
— @) 1—qr PG qr(1 —qg) ,
(1 — qreg)? (1 — qreg)?

as claimed in (23).

(ii) Now suppose that v is not the root. At any ancestor u; with
i < d, the distribution parameters of v affect the extinction
probability €,,. For a distribution parameter 6, = p,, 6, =
Gy, OT 0, = €,,

aﬁu,- _ af)ui 8€ui aﬁu,ur] and 8(~Iu,~ _ 3f~lui aéui 8f’u,-+1
90, d€y; 0Py, 96, 00, d€y; 0Py, 06, ’
with
dey, B d L &y
af’"iﬂ aﬁ“iﬂ ujweT ﬁ”iﬂ
Let u = uy_1 be the parent of v = uy. Since a% =0,
PP — (d,(ﬁv)_‘_d,(eu)ﬁ)@ — ((b(ﬁl,)_,_eq)(eu)) — &
aﬁv 8pv 1 - qUEU
with € = g—“ = é"ﬁ"—”. The other two recurrences include
. v ug
@@ a5 well:
o) = (9 4 ¢(eu)37fu)3i’" + a0
op,/ 9qy aq,
_ ((15(13'1) + €¢(Eu)) —(1=pyle(1 =€)
(1 - Qva)z
- —€
+ @(Qv) v ;
(1 - qvév)2
(e ) (' aﬁv a 8&11
plev) — (@ Pv) +€¢(fu)) + @(Qv)i
€, de€,
_ (q)(f’v) + €¢(€u)) (1-p,)1—-q,)
(1 - qvév)z
_ @ qu(1—qv) ’
(1- qveu)z

as shown in (24). O

A.8. No-duplication model

Proof of Theorem 13. Let C,, K, denote the likelihoods for the
empty profile:

Cu(n)zlp{‘v’v €Ly:E =0 ‘ &y =n}
KL,(s)=IP[Vv €L, =0 ‘ Nu =s}.

Let Q, denote the product of e~™ across all edges in the subtree
of u: Q, = 1 at a leaf, and at an ancestral node u with children
v, w

0= (@) Qe ™).
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We prove that for all nodes u,
Ku(s) = Qu x (&) x e Cy(n) = Qu x (&),
(With Of’ = 1and 0" = 0 for n > 0.) In particular, at the root R,
L(0) = Kg(0).

We adjust the induction proof of Theorem 4. At any node u,
withr =r,, e = ¢, and Q = Q,, by Eq. (25),
o (re)t

k!

o k
.
Ku(s) = Ze’rk—‘Qe”" =Qée"
k=0 ’ k=0

_ Qese—r(l—e) — Qese—?

with 7 = r(1 — €). The inductive case for C, is adjusted:

Gm =TT (@e™ (P, +(1-p)a)") = Qe ©

uveT

Proof of Theorem 14. Since p, = p, + (1 — py)ey and 7, =

(1 —€y),

ap or,

9Pu =1—¢, =1 €y
dpy ary

8751" =1 _p 87”:11 = —
dey ! dey v

The rest of the proof is based on applications of the chain rule as
in the proof of Theorem 12. O

A.9. Proof of Theorem 15

Proof. Let N = > _.n, = mg be the sum of copy numbers
across the leaves. At an ancestral node u, the calculations of @(E)
forall 0 < ¢ < my and of J,(s) for all 0 < s < m, take
(1+m,)(1+m,,) iterations. Calculating K(s) for all 0 < s < m, and
B,(¢) for all 0 < £ < my is done in (14 my)(2 + m,)/2 iterations.
The total running time can be thus bounded asymptotically as
0(Xs_, m2), or as O(R) = O(L) if N> < R, the number of nodes.
Summing by the height of the nodes h(u),

R h—1 h—1
2
Yom=3 Y mr=3 > (X )
u=1 i=0 u:h(u)=i i=0 u:h(u)=i veLly
h—1 )
(X ¥n)
i=0 u:h(u)=iveLly
h—1 5
Y (Cn) =me
i=0 vel
For the last inequality, note that if h(v) = h(w) then their subtrees
do not intersect and £, N £, =@. O

=

=
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